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In the present paper, we prove that for an n-dimensional compact orbifold with an
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1. Introduction
In [1], Satake introduced the notion of orbifold (V-manifold) as a generalization of differentiable manifold, and studied
the singular homology, de Rham cohomology and the Cˆech (co)homology. The singular homology group of an orbifold in [1]
is isomorphic to the usual singular homology group of its underlying space.
Recently, we introduced the t-singular homology of orbifolds in [3], and the ws-singular cohomology of those in [4], both
of which respect their orbifold structures. In [6], the second author studied on the s-singular and t-singular homologies of
orbifolds.
In the present paper, we prove the duality theorem (Theorem 7.2) between the t-singular homology group and the ws-
singular cohomology group for an n-dimensional compact orbifold with an s-homological orientation. To prove Theorem 7.2,
we prepare the t-modiﬁcation of a cap product (see the remark of Theorem 3.11). Note that this t-modiﬁcation gives us
a correspondence between a pair of elements of the p-dimensional ws-singular cohomology group and the q-dimensional
s-singular homology group to an element of (q − p)-dimensional t-singular homology group.
We summarize the contents of the present paper. In Section 2, we describe two theorems in the preceding papers [3,4],
on the t-singular homology and the ws-singular cohomology, which we need in the later sections. Theorems 2.1 and 2.2
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important as a starting point of proving the global duality isomorphism inductively.
In Section 3, we prove two important theorems. One is “the Convex Suborbifold Theorem”, which is used in extending
the local duality isomorphism to the whole region inductively. The other is “the t-modiﬁcation theorem” of a cap product of
the ws-singular cohomology and the s-singular homology, which is used in deﬁning a homomorphism from the ws-singular
cohomology group to the t-singular homology group. These two theorems are key tools in the proof of Main Theorem
(Theorem 7.2).
In Section 4, we deﬁne a fundamental class of the s-singular homology, which is evaluated by the ws-singular coho-
mology in deﬁning the duality homomorphism. Though the s-singular homology group of an orbifold is isomorphic to the
usual singular homology group of its underlying space, we cannot merely take a fundamental class of the underlying space
as the fundamental class of the orbifold, because the underlying space is not a manifold in general. Then we construct the
theory of a fundamental class of the s-singular homology using the ideas from the fundamental class of the usual singular
homology.
In Section 5, we describe several theorems on the inductive limit of the ws-singular cohomology and the t-singular
homology, which are necessary in the proof of Main Theorem. Since the arguments of the inductive limits in the usual
topological spaces are still valid in the orbifold case, we only describe the morphisms and objects of them.
In Section 6, we discuss the duality homomorphisms, mainly in the commutative diagrams, to obtain Theorems 6.9 and
6.10, which are the aims of this section, and used in the proof of Main Theorem.
In the concluding section, Lemma 7.1 enables us to extend the local duality isomorphism to the whole region. In the
proof of Main Theorem, ﬁrst, we show the duality isomorphism for the special type of orbifold Rn/G , where G < SO(n). It is
not a direct conclusion of Theorems 2.1 and 2.2 since K takes various shapes. It is proved by using the prepared whole tools.
The general case of the proof is rather easily shown by using this special case and Lemma 7.1. Theorem 7.2 and Corollary 7.3
are the ﬁnal consequences of the study in [3,4,6] and the present paper.
2. The review of t-singular homology and ws-singular cohomology
For basics of orbifolds, see [1,5,2,3], etc.
In [3] and [4], we constructed and calculated the t-singular homology and ws-singular cohomology groups of several
orbifolds. The following two theorems play an important role in the present paper:
Theorem 2.1. ([3, Theorem 11.9]) Let Bn be the cone on an (n−1)-dimensional orientable spherical orbifold, p : B˜n → Bn the universal
covering, σ˜ : n → B˜n a homeomorphism from the n-simplexn to the n-dimensional unit ball B˜n, and τ = p∗[σ˜ ]. Then, the following
holds:
t-Hk(Bn, ∂Bn) ∼=
{
Z〈τ 〉 if k = n,
0 otherwise.
Theorem 2.2. ([4, Theorem 4.1]) Let Bn be the cone on an (n − 1)-dimensional spherical orbifold. Then, the following holds:
ws-Hk(Bn) =
{
Z if k = 0,
0 otherwise.
3. Convex Suborbifold Theorem and t-modiﬁcation of cap product
Deﬁnition 3.1. A suborbifold K of an orbifold M is convex if there exists a local chart ϕ ◦ r : U˜ → U such that |K | ⊂ U and
each component of (ϕ ◦ r)−1(|K |) is convex in U˜ .
Theorem 3.2 (Convex Suborbifold Theorem). Let M be an n-orbifold which is isomorphic to Rn/G, where {e} 	= G < SO(n). If V is
a compact and convex n-suborbifold of M, then there is a subgroup H of G such that V is isomorphic to Bn/H, where Bn is the
n-dimensional unit ball.
Proof. Let p : Rn → M be the universal covering, V˜ a component of p−1(V ), and o the origin of Rn . Since V is a suborbifold
of M , it must not be o ∈ ∂ V˜ . Hence it holds either o ∈ Int V˜ or o ∈ Rn − V˜ .
In case o ∈ Int V˜ . Since V˜ is convex, every half line starting from o intersects with ∂ V˜ at one and only one
point v . Let (v) be a half line starting from o, and S(v) the intersecting point of (v) and the unit sphere Sn−1 =
{(x1, . . . , xn)|∑ni=1 x2i = 1}. It is clear that the map h : V˜ → Bn = o ∗ Sn−1 deﬁned by h((1 − t)o + tv) = (1 − t)o + t S(v),
0 t  1, is a homeomorphism and induces an isomorphism V ∼= Bn/G .
In case o ∈ Rn− V˜ . Put H = {g ∈ G | g(V˜ ) = V˜ }. Let x be the point on ∂ V˜ which attains the minimal distance from o to V˜ .
Since V˜ is convex, for any g ∈ H , it holds that g(x) = x. Hence, any element of H ﬁxes the half line −→ox. Conversely, since V˜ is
equivariant with respect to G , any element g ∈ G ﬁxing −→ox satisﬁes g(V˜ ) = V˜ . Then, H is rewritten as {g ∈ G | g(−→ox) = −→ox}.
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G | g is a rotation around an (n − 2)-dimensional hyperplane Lg which includes −→ox}. Let o′ be the center point of the line
segment −→ox ∩ V˜ and ι : Rn → Rn the parallel transformation with ι(o′) = o. By observation, we see that the action of H on
V˜ is equivalent to one on ι(V˜ ). Then V˜ /H is isomorphic to ι(V˜ )/H . Hence, we reduce to the preceding case. 
Note that the intersection of two convex suborbifolds of an orbifold is convex again.
Deﬁnition 3.3. By a t-modiﬁcation of a q-dimensional singular chain c =∑j=1 n jΨ j of an orbifold M we shall mean a t-
singular chain cT =∑j=1 n j(Ψ j)T of M such that there exist homotopies Ψ 1s , . . . ,Ψ s (s ∈ [0,1]) which satisfy the following:
(i) Ψ j0 = Ψ j , Ψ j1 = (Ψ j)T for ∀ j = 1,2, . . . , .
(ii) If
(
Ψ i |q
(i0···ik)
) ◦ εq
(i0···ik) =
(
Ψ j|q
( j0··· jk)
) ◦ εq
( j0··· jk),
for some i, j, then it holds that
(
Ψ is |q(i0···ik)
) ◦ εq
(i0···ik) =
(
Ψ
j
s |q( j0··· jk)
) ◦ εq
( j0··· jk), for ∀s ∈ [0,1],
where εq(∗···∗) is the face operator of the q-simplex.
We say that Ψ is ’s satisfy the face condition of Ψ
i ’s. We call cs =∑n jΨ js (s ∈ [0,1]) a t-homotopy of c.
Lemma 3.4. Let M be an orbifold. Suppose that c ∈ Zq(M) has a t-modiﬁcation. Then, for any t-modiﬁcations cT , cT ′ of c, it holds that[
cT
]= [cT ′] ∈ t-Hq(M).
Proof. See [6, Lemma 5.6]. 
Deﬁnition 3.5. Let M be an orbifold and let c =∑ki=1 αiϕ i be a q-dimensional singular chain of M . If for each vertex xν
of q , and for each i = 1,2, . . . ,k, αi is a multiple of w(ϕ i(xν)), we say that c respects the multiplicity condition of M .
Deﬁnition 3.6. Let c =∑i=1 niϕ i ∈ Cq(M) be a singular chain of an orbifold M . Suppose ∂c =∑ri=1miσ i (mi 	= 0), σ i =
ϕ ji ◦ εki , ji ∈ {1,2, . . . , }, ki ∈ {0,1, . . . ,q}, i = 1,2, . . . , r. Let ϕ is , i = 1,2, . . . , , be homotopies with ϕ i0 = ϕ i . We call
cs =∑i=1 niϕ is a homotopy of c preserving the boundary condition if
∂(cs) =
r∑
i=1
miσ
i
s
where σ is = ϕ jis ◦ εki , i = 1,2, . . . , r.
Lemma 3.7. Let M be an orbifold. If c ∈ Cq(M) respects the multiplicity condition of M, then there is a t-homotopy cs of c which
respects the boundary condition.
Proof. See [6, Lemmas 5.3, 6.4]. 
Through the remainder of this section, we assume that (M, A), (M, B) and (M, A ∪ B) are orbifold pairs.
Deﬁnition 3.8. For η ∈ ws-C p(M, A) and α ∈ s-Cq(M, A ∪ B), q  p, the cap product η ∩ α ∈ s-Cq−p(M, B) is deﬁned by
η ∩ α = η ∩ a where a ∈ s-Cq(M) is a representative of α.
Deﬁnition 3.9. For [η] ∈ ws-Hp(M, A), [c] ∈ s-Hq(M, A ∪ B), q p, we deﬁne [η] ∩ [c] ∈ s-Hq−p(M, B) by [η] ∩ [c] = [η ∩ c].
Lemma 3.10. For any ξ ∈ ws-C p(M, A), c ∈ s-Cq(M, A ∪ B), q  p, ξ ∩ SdV (c) ∈ s-Cq−p(M, B) satisﬁes the multiplicity condition,
where SdV (c) is the barycentric subdivision of c.
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of c. Hence from the deﬁnition of an s-singular simplex, it is derived that w(xr) is a common multiple of w(xr+1), . . . ,w(xq),
r = 0,1,2, . . . ,q. Put c =∑ki=1 αiϕi . Then, by the deﬁnition of the cap product, ξ ∩ SdV (c) =∑ki=1 αi〈ξ,ϕi ◦ εp0 〉ϕi ◦ εqp .
By the deﬁnition of an s-singular simplex, it holds that w(ϕi ◦ εp0 ) = w(xp). Furthermore, by the deﬁnition of a ws-
singular cochain, 〈ξ,ϕi ◦ εp0 〉 is to be a multiple of w(ϕi ◦ εp0 ). Hence, it is proved that 〈ξ,ϕi ◦ εp0 〉 is a common multiple of
the weight of all vertices of ϕi ◦ εqp . That is, ξ ∩ SdV (c) satisﬁes the multiplicity condition. 
Lemma 3.11. Let q  p, c ∈ s-Zq(M, A ∪ B), ξ, ξ ′ ∈ ws-C p(M, A). If there exists an element η ∈ ws-C p−1(M, A) such that ξ − ξ ′ =
δη, then there exists an element d ∈ s-Cq−p+1(M, B) such that d satisﬁes the multiplicity condition of M and that ∂d = ξ ∩ SdV (c) −
ξ ′ ∩ SdV (c), where SdV (c) is the barycentric subdivision of c.
Proof. By the hypothesis and [4, Proposition 6.6], we have ξ ∩ SdV (c) − ξ ′ ∩ SdV (c) = ∂((−1)q−p(η ∩ SdV (c))). By the fact
that η ∈ ws-C p−1(M, A) and Lemma 3.10, (−1)q−pη ∩ SdV (c) satisﬁes the multiplicity condition of M . Hence, we can take
d = (−1)q−pη ∩ c. 
Lemma 3.12. Let q p, c, c′ ∈ s-Cq(M, A ∪ B), ξ ∈ ws-Z p(M, A). If there exists an element b ∈ s-Cq+1(M, B) such that c − c′ = ∂b,
then there exists an element d ∈ s-Cq−p+1(M, B) such that d satisﬁes the multiplicity condition of M and that ∂d = ξ ∩ SdV (c) − ξ ∩
SdV (c′) where SdV (c) and SdV (c′) are the barycentric subdivisions of c and c′ , respectively.
Proof. By the hypothesis and [4, Proposition 6.6], we have ξ ∩ SdV (c) − ξ ∩ SdV (c′) = ∂(ξ ∩ SdV (b)), where SdV (b) is the
barycentric subdivision of b. By the fact that ξ ∈ ws-C p(M, A) and Lemma 3.10, ξ ∩SdV (b) satisﬁes the multiplicity condition
of M . Hence we can take d = ξ ∩ SdV (b). 
Theorem3.13. Suppose ξ and c are any elements of ws-Z p(M, A) and s-Zq(M, A∪B), q p, respectively. Then, [(ξ ∩SdV (c))T ]A ∈ t-
Hq−p(M, B) is uniquely determined by [ξ ] ∈ ws-Hp(M, A) and [c]A ∈ s-Hq(M, A ∪ B), where SdV (c) is the barycentric subdivision
of c.
Proof. Directly from Lemmas 3.11 and 3.12. 
Hence, for any α ∈ ws-Hp(M, A), z ∈ s-Hq(M, A ∪ B), q p, we can deﬁne (α ∩ z)τ ∈ t-Hq−p(M, B) by [(ξ ∩ SdV (c))T ]A ,
where ξ and c are representatives of α and z, respectively, and SdV (c) is the barycentric subdivision of c. We call (α ∩ z)τ
the t-modiﬁcation of the cap product of α and z.
Theorem 3.14. Let q  p. The map which maps (α, z) to (α ∩ z)τ , α ∈ ws-Hp(M, A), z ∈ s-Hq(M, A ∪ B), is a bilinear map from
ws-Hp(M, A) × s-Hq(M, A ∪ B) to t-Hq−p(M, B).
Proof. It is derived from the bilinearity of the cap product of s-singular cohomology and s-singular homology and [6,
Lemmas 5.5 and 6.6]. 
4. Fundamental class
We can easily prove the following theorem by using [6, Theorem 4.5].
Theorem 4.1. Let M be a connected, compact, closed, orientable n-orbifold. Then the following holds:{
s-Hn(M) ∼= Z,
s-Hq(M) = 0 (q > n).
This leads us to the following corollary.
Corollary 4.2. Let B be an n-orbifold which is isomorphic to Bn/G, where Bn is an n-dimensional unit ball and G is a ﬁnite subgroup
of SO(n). Then the following holds:{
s-Hn(B, ∂B) ∼= Z,
s-Hq(B, ∂B) = 0 (q > n).
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of M , s-H∗(M,M − K ) can be deﬁned. By the symbol jsK ,L , we shall mean the homomorphism from s-H∗(M,M − K )
to s-H∗(M,M − L) induced by the canonical surjective map from (M,M − K ) to (M,M − L). That is, for [c]M−K ∈
s-H∗(M,M − K ), jsK ,L([c]M−K ) = [c]M−L .
Since the s-singular homology group of an orbifold is isomorphic to the usual homology group of the underlying space,
all algebraic tools for calculating the usual homology group also valid for the calculation of the s-singular homology group.
Thus, by using those tools together with the above corollary, we can develop the parallel argument as the manifold theory
to get the following consequences in this section. Note that the underlying space of an orbifold is not necessarily a manifold.
Theorem 4.3. Let M be an n-orbifold and K a closed (i.e. M − K is an open subset) suborbifold of M − ∂M. Then it holds that
s-Hq(M,M − K ) = 0, q > n.
Corollary 4.4. Let M be an n-orbifold. Then it holds that
s-Hq(M) = s-Hq(M, ∂M) = 0, q > n.
Theorem 4.5. Let M be a connected, noncompact n-orbifold. Then it holds that
s-Hn(M) = s-Hn(M, ∂M) = 0.
Theorem 4.6. Let M be a locally orientable n-orbifold. Then it holds that
s-Hn(M,M − x) ∼= Z, x ∈ M − ∂M.
Deﬁnition 4.7. Let M be a locally orientable n-orbifold. For every x ∈ M − ∂M , take a generator of s-Hn(M,M − x) ∼= Z
and denote it by wx . Suppose that for every y ∈ M − ∂M , there exists a compact neighborhood N of y in M − ∂M and
an element wN ∈ s-Hn(M,M − N) such that for every x ∈ N , jsN,x(wN ) = wx . Then we call {wx}x∈M−∂M an s-homological
orientation.
Theorem 4.8. Let M be a (not necessarily compact) n-orbifold with an s-homological orientation {wx}x∈M−∂M. Let K be any compact
suborbifold of M−∂M. Then there exists one and only one element wK ∈ s-Hn(M,M− K ) such that, for every x ∈ K , jsK ,x(wK ) = wx.
We call such wK the fundamental class of (M, K ) corresponding to an s-homological orientation {wx}x∈M−∂M .
Theorem 4.9. Let M be a compact n-orbifold with an s-homological orientation {wx}x∈M−∂M. Then there exists one and only one
element w ∈ s-Hn(M, ∂M) such that for every x ∈ M − ∂M, jsIntM,x(w) = wx.
We call such w the fundamental class of M corresponding to an s-homological orientation {wx}x∈M−∂M .
Theorem 4.10. Let M be a compact, connected n-orbifold. Then the following hold:
(i) M can be equipped with an s-homological orientation if and only if s-Hn(M, ∂M) ∼= Z, namely a fundamental class is a generator
of it.
(ii) M cannot be equipped with an s-homological orientation if and only if s-Hn(M, ∂M) = 0.
Theorem 4.11. Let M be a compact n-orbifold with an s-homological orientation and w a fundamental class of M. Then ∂∗w is a
fundamental class of ∂M.
Corollary 4.12. Let M be a connected n-orbifold with boundary. Then it holds that s-Hn(M) = 0.
5. Inductive limit
Let M be an orbifold and A a subspace of M . Set UA = {U | U is a suborbifold of M such that IntU ⊃ A}. For U , V ∈ UA ,
deﬁne U ≺ V if U ⊃ V . Let iUV : V → U be the inclusion map and (iUV )∗ : ws-Hq(U ) → ws-Hq(V ) the induced homomor-
phism. Then, we have an inductive system {ws-Hq(U ), (iUV )∗}(U ,V )∈UA×UA . Let limU∈UA (ws-Hq(U )) be the inductive limit
of this system, and (iUUA )
∗ : ws-Hq(U ) → limU∈UA (ws-Hq(U )) the canonical homomorphism. The symbol ws-HqM(A) means
limU∈UA (ws-Hq(U )), that is, ws-H
q
M(A) =
∑
U∈UA (Im(i
U
UA )
∗). Hence, each element of ws-HqM(A) is written as (iUUA )
∗(α),
U ∈ UA , α ∈ ws-Hq(U ).
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· · · → ws-HqM(M1 ∪ M2)
lim j∗−→ ws-HqM(M1) ⊕ws-HqM(M2)
lim i∗−→ ws-HqM(M1 ∩ M2)
lim δ∗−→ ws-Hq+1M (M1 ∪ M2) → ·· ·
where iμ : M1 ∩ M2 ⊂ Mμ , jμ : Mμ ⊂ M1 ∪ M2 , μ = 1,2, are inclusions, and
j#(ξ) = (( j1)#(ξ),−( j2)#(ξ)), ξ ∈ ws-C∗(M1 ∪ M2),
i#(ξ1, ξ2) = (i1)#(ξ1) + (i2)#(ξ2), ξμ ∈ ws-C∗(Mμ),
δ∗[z] = [( j#)−1δ(i#)−1(z)],
j∗
([ξ ])= (( j1)∗[ξ ],−( j2)∗[ξ ]),
i∗
([ξ1], [ξ2])= (i1)∗[ξ1] + (i2)∗[ξ2].
Proof. It is derived from the exact sequence of the ws-singular cohomology and the general theory of the inductive
limit. 
Let P , Q be subspaces of M such that P ⊃ Q . We can deﬁne a map ιQP : ws-HqM(P ) → ws-HqM(Q ) by ιQP ((iUUP )∗(α)) =
(iUUQ )
∗(α), U ∈ UP , α ∈ ws-Hq(U ). Set PA = {P | P is a subspace of M such that Int P ⊃ A}. For P , Q ∈ PA , deﬁne P ≺ Q if
P ⊃ Q . Then, we have an inductive system {ws-HqM(P ), ιQP }(P ,Q )∈PA×PA . Let ιPAP : ws-HqM(P ) → limP∈PA (ws-HqM(P )) be the
canonical homomorphism. Since UA ⊂ PA , we can consider the inductive system {ws-HqM(U ), ιVU }(U ,V )∈UA×UA . Let ιUAU : ws-
HqM(U ) → limU∈UA (ws-HqM(U )) be the canonical homomorphism.
Since an open subspace of an orbifold is an orbifold, any open subspace U of M is also an element of UU . Then, we can
deﬁne the canonical homomorphism (iUUU )
∗ : ws-Hq(U ) → ws-HqM(U ). The surjectivity of this map is derived from the fact
that each element of ws-HqM(U ) is written as (i
O
UU )
∗(β), O ∈ UU , β ∈ ws-Hq(O ), and the injectivity is derived from the fact
that U is the maximal element of UU . Thus, (iUUU )∗ is an isomorphism for each open subspace U of M .
Proposition 5.2. The map (iUAUA )
∗ : ws-HqM(A) → limU∈UA (ws-HqM(U )) deﬁned by (iUAUA )∗(β) = ι
UA
U ((i
U
UU )
∗(α)), β = (iUUA )∗(α),
α ∈ ws-Hq(U ), where U ∈ UA is open, is an isomorphism.
Proof. By the general theory of the inductive limit. 
Let K be a compact subspace of M . Since M − K is a suborbifold of M , t-Hq(M,M − K ) can be deﬁned. [c]M−K means
the element of t-Hq(M,M − K ) deﬁned by c ∈ t-Cq(M), ∂c ∈ t-Cq−1(M − K ).
Let E and F be compact subspaces of M such that E ⊃ F . By the symbol jtE,F , we shall mean the homomorphism
from t-H∗(M,M − E) to t-H∗(M,M − F ) induced by the canonical surjective map from (M,M − E) to (M,M − F ). That is,
jtE,F ([c]M−E ) = [c]M−F , c ∈ t-C∗(M).
Set BK = {B | B is a compact subspace of M such that Int B ⊃ K }. For B,C ∈ BK , deﬁne B ≺ C if B ⊃ C . Then we have
an inductive system {t-Hq(M,M − B), jtB,C }(B,C)∈BK×BK . Let jtB,BK : t-Hq(M,M − B) → limB∈BK (t-Hq(M,M − B)) be the
canonical projection. Note that each element of limB∈BK (t-Hq(M,M − B)) is written as jtB,BK ([c]M−B), B ∈ BK , c ∈ t-Cq(M).
Let jtBK ,K : limB∈BK (t-Hq(M,M − B)) → t-Hq(M,M − K ) be the homomorphism deﬁned by jtBK ,K ( jtB,BK ([c]M−B)) = [c]M−K .
Proposition 5.3. Let K be a compact subspace of M. If, for any compact subspace L ⊂ M − K , there is an element B ∈ BK such that
L ⊂ M − B, then jtBK ,K is an isomorphism.
Proof. By the parallel argument as in the usual singular homology theory, we can prove the proposition. 
Let K be a compact subspace of M and CK = {C | C = B1 ∪ · · · ∪ BrC , IntC ⊃ K , Bi is a compact and convex suborbifold
of M, i = 1,2, . . . , rC , rC ∈ N}.
Take any compact subspace L ⊂ M − K . Since K is a compact subspace in M − L and M − L is open, we can construct an
element C ∈ CK ⊂ BK such that L ⊂ M − C . Hence, by the above proposition, jtBK ,K is proved to be an isomorphism.
Since CK ⊂ UK , CK is ordered as a subset of UK . Using the compactness of K , for each U ∈ UK , we can construct
an element CU ∈ CK such that U ⊃ CU . Deﬁne Φ : limU∈UK (ws-HqM(U )) → limC∈CK (ws-HqM(C)) by Φ(ιUKU ((iUUU )∗(α))) =
ιCKCU (ι
CU
U ((i
U
UU )
∗(α))), α ∈ ws-Hq(U ).
Proposition 5.4. Φ is an isomorphism.
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Furthermore, since CK ⊂ BK , CK is ordered as a subset of BK . Using the compactness of K again, for each B ∈ BK , we
can construct an element C ∈ CK such that B ⊃ C . Deﬁne Ψ : limC∈CK (t-Hq(M,M − C)) → limB∈BK (t-Hq(M,M − B)) by
Ψ ( jtC,CK ([c]M−C )) = jtC,BK ([c]M−C ).
Proposition 5.5. Ψ is an isomorphism.
Proof. By the general theory of the inductive limit. 
6. The duality homomorphism
Lemma 6.1. Let U be an n-orbifold with an s-homological orientation {wx}x∈U−∂U , K , L compact subspaces of U −∂U such that K ⊃ L,
and wK and wL the corresponding fundamental classes of (U , K ) and (U , L), respectively. Then, the following diagram commutes:
ws-Hq(U )
(∗∩wK )τ (∗∩wL)
τ
t-Hn−q(U ,U − K ) j
t
K ,L t-Hn−q(U ,U − L).
Proof. There is an element c ∈ s-Cn(U ,U − K ) such that wK = [c]U−K , wL = [c]U−L since jsK ,L(wK ) = wL and
jsK ,L([c]U−K ) = [c]U−L . Put α = [ξ ], ξ ∈ ws-Cq(U ). Then,
jtK ,L
(
(α ∩ wk)τ
)= jtK ,L(([ξ ] ∩ [c]U−K )τ )
= jtK ,L
([(
ξ ∩ SdV (c)
)T ]
U−K
)
= [(ξ ∩ SdV (c))T ]U−L .
On the other hand,
(α ∩ wL)τ =
([ξ ] ∩ [c]U−L)τ
= [(ξ ∩ SdV (c))T ]U−L . 
Lemma 6.2. Let U be an n-orbifold with an s-homological orientation {wx}x∈U−∂U , V an n-suborbifold of U , L a compact subspace of
V − ∂V , wL the corresponding fundamental class of (U , L), and wVL = (iUV )∗−1(wL). Then, the following diagram commutes:
ws-Hq(U )
(iUV )
∗
(∗∩(iUV )∗(wL))τ
ws-Hq(V )
(∗∩wL)τ
t-Hn−q(U ,U − L) t-Hn−q(V , V − L).
(iUV )∗
Proof. Note that (iUV )∗ is an isomorphism, wVL = (iUV )∗−1(wL), and wL = (iUV )∗(wVL ). Hence, there is an element c ∈ s-
Cn(V , V − L) such that wVL = [c]V−L and wL = [iUV ◦ c]U−L . Put α = [ξ ], ξ ∈ ws-Cq(U ). Then,(
iUV
)
∗
((
iUV
)∗
(α) ∩ wVL
)τ = (iUV )∗([ξ ◦ iUV ]∩ [c]V−L)τ
= (iUV )∗[((ξ ◦ iUV )∩ SdV (c))T ]V−L
= [iUV ◦ ((ξ ◦ iUV )∩ SdV (c))T ]U−L
= [(iUV ◦ ((ξ ◦ iUV )∩ SdV (c)))T ]U−L
= [(ξ ∩ (iUV ◦ SdV (c)))T ]U−L
= [(ξ ∩ SdV (iUV ◦ c))T ]U−L
= (α ∩ wL)τ . 
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subspace of an orbifold is an orbifold. By the symbol ktU ,K , we shall mean the excision isomorphism from t-H∗(U ,U − K )
to t-H∗(M,M − K ).
Lemma 6.3. Let M be an n-orbifold, U an open subspace of M, and K , L compact subspaces of M such that U ⊃ K ⊃ L. Then, the
following diagram commutes:
t-Hn−q(U ,U − K )
ktU ,K
( jtK ,L)
′
t-Hn−q(U ,U − L)
ktU ,L
t-Hn−q(M,M − K ) t-Hn−q(M,M − L).
jtK ,L
Proof. Directly from the deﬁnitions of the maps. 
Lemma 6.4. Let M be an n-orbifold, L a compact subspace of M, and U , V open subspaces of M such that U ⊃ V ⊃ L. Then, the
following diagram commutes:
t-Hn−q(U ,U − L) k
t
U ,L t-Hn−q(M,M − L)
t-Hn−q(V , V − L).
(iUV )∗ ktV ,L
Proof. Directly from the deﬁnitions of the maps. 
Let M be an n-orbifold with an s-homological orientation, K a compact subspace of M − ∂M , wK the corresponding
fundamental class of (M, K ), and U an open neighborhood of K in M . By the symbol ksU ,K , we shall mean the excision
isomorphism from s-H∗(U ,U − K ) to s-H∗(M,M − K ).
Put wUK = (ksU ,K )−1(wK ). Deﬁne a homomorphism DKU : ws-Hq(U ) → t-Hn−q(M,M − K ) by DKU (α) = ktU ,K ((α ∩ wUK )τ ),
α ∈ ws-Hq(U ).
Proposition 6.5. Let M be an n-orbifold with an s-homological orientation, K , L compact subspaces of M − ∂M such that K ⊃ L, and
U , V open subspaces of M − ∂M such that U ⊃ V , U ⊃ K , V ⊃ L. Then the following diagram commutes:
ws-Hq(U )
(iUV )
∗
DKU
ws-Hq(V )
DLV
t-Hn−q(M,M − K )
jtK ,L
t-Hn−q(M,M − L).
Namely, the following diagram commutes:
ws-Hq(U )
(iUV )
∗
DKU
ws-Hq(V )
DLV
t-Hn−q(M,M − K ).
Proof. Using Lemmas 6.1–6.4. 
Then, we can deﬁne a homomorphism
DK : ws-HqM(K ) → t-Hn−q(M,M − K )
by DK ((iU )∗(α)) = DK (α), U ∈ UK , α ∈ ws-Hq(U ).UK U
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Then the following diagram commutes:
ws-HqM(K )
ιLK
DK
ws-HqM(L)
DL
t-Hn−q(M,M − K )
jtK ,L
t-Hn−q(M,M − L).
Proof. Take β ∈ ws-HqM(K ). There are U ∈ UK and α ∈ ws-Hq(U ) such that β = (iUUK )∗(α). As in the proof of Proposition 6.5,
we have
jtK ,L
(
DK (β)
)= ( jsK ,L(ksU ,K (α ∩ wUK )))τ , and
DL
(
ιLK (β)
)= (ksU ,L(α ∩ wUL ))τ .
Applying Lemmas 6.1–6.4 to the case U = V , we have the conclusion. 
Theorem 6.7. Let M be an n-orbifold with an s-homological orientation and K a compact subspace of M − ∂M. Set UK = {U |
U is a suborbifold of M such that IntU ⊃ K }, BK = {B | B is a compact subspace of M such that Int B ⊃ K }, and CK = {C | C =
B1 ∪ · · · ∪ BrC , IntC ⊃ K , Bi ′s are compact and convex, i = 1,2, . . . , rC , rC ∈ N}. Then the following diagram commutes:
limC∈CK (ws-H
q
M(C))
limC∈CK D
C
limU∈UK (ws-H
q
M(U ))Φ ws-H
q
M(K )
(i
UK
UK )
∗
DK
limC∈CK (t-Hn−q(M,M − C)) Ψ limB∈BK (t-Hn−q(M,M − B)) jtBK ,K
t-Hn−q(M,M − K ).
Proof. It will be proved by considering the deﬁnitions of the maps and using Proposition 6.6. 
Lemma 6.8. Let M be an n-orbifold with an s-homological orientation, Ki ’s compact subspaces of M − ∂M, and Ui ’s open subspaces
such that Ui ⊃ Ki , i = 1,2. Then the following diagram commutes:
ws-Hq(U1 ∩ U2) δ∗
D
K1∩K2
U1∩U2
ws-Hq+1(U1 ∪ U2)
D
K1∪K2
U1∪U2
t-Hn−q(M,M − K1 ∩ K2)
∂∗
t-Hn−q−1(M,M − K1 ∪ K2).
Proof. Take α ∈ ws-Hq(U1 ∩ U2). By the deﬁnitions, we have that
DK1∪K2U1∪U2
(
δ∗(α)
)= (ksU1∪U2,K1∪K2(δ∗(α) ∩ wU1∪U2K1∪K2 ))τ , and
∂∗
(
DK1∩K2U1∩U2(α)
)= (∂∗(ksU1∩U2,K1∩K2(α ∩ wU1∩U2K1∩K2 )))τ .
By the parallel argument as in the usual duality theorem for manifolds, it is derived that ksU1∪U2,K1∪K2 (δ
∗(α) ∩ wU1∪U2K1∪K2 ) =
∂∗(ksU1∩U2,K1∩K2 (α ∩ w
U1∩U2
K1∩K2 )). 
Proposition 6.9. Let M be an n-orbifold with an s-homological orientation, and Ki ’s compact subspaces of M − ∂M, i = 1,2. Then the
following diagram commutes:
ws-HqM(K1 ∩ K2) δ
∗
DK1∩K2
ws-Hq+1M (K1 ∪ K2)
DK1∪K2
t-Hn−q(M,M − K1 ∩ K2)
∂∗
t-Hn−q−1(M,M − K1 ∪ K2).
Proof. It is easily derived from Lemma 6.8, and the deﬁnitions of δ∗ , ∂∗ , DK . 
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following diagram commutes:
· · · → ws-Hq−1M (K1 ∩ K2)
δ∗
DK1∩K2
ws-HqM (K1 ∪ K2)
ι1
DK1∪K2
· · · → t-Hn−q+1(M,M − K1 ∩ K2)
∂∗
t-Hn−q(M,M − K1 ∪ K2) j1
ws-HqM (K1) ⊕ws-HqM (K2)
(DK1 ,DK2 )
ι2
ws-HqM (K1 ∩ K2) → ·· ·
DK1∩K2
t-Hn−q(M,M − K1)
⊕t-Hn−q(M,M − K2)
j2 t-Hn−q(M,M − K1 ∩ K2) → ·· · ,
where ι1 = (ιK1K1∪K2 ,−ι
K2
K1∪K2 ), ι2 = ι
K1∩K2
K1
+ ιK1∩K2K2 , j1 = ( jtK1∪K2,K1 ,− jtK1∪K2,K2 ), j2 = jtK1,K1∩K2 + jtK2,K1∩K2 .
Proof. It is directly from Propositions 6.6 and 6.9. 
7. Main Theorem
Lemma 7.1. Let M be an n-dimensional orbifold with an s-homological orientation and K1 , K2 compact suborbifolds in M − ∂M. If
DK1∩K2 , DK1 , and DK2 are isomorphisms, then DK1∪K2 is also an isomorphism.
Proof. It is easily derived from the ﬁve-lemma and Theorem 6.10. 
Theorem 7.2 (Main Theorem). Let M be an n-dimensional orbifold with an s-homological orientation and K a compact suborbifold in
M − ∂M. Then the following map DK is an isomorphism:
DK : ws-HqM(K ) → t-Hn−q(M,M − K ).
Proof. Case 1. M is isomorphic to Rn/G , where G is a ﬁnite subgroup of SO(n).
Case 1-1. K is convex.
By Theorem 3.2, there is a subgroup H of G such that K is isomorphic to Bn/H , where Bn is the unit n-ball. Hence, by
Theorem 2.2, it holds that
ws-HqM(K ) =
{
Z if q = 0,
0 otherwise.
On the other hand, by Theorem 2.1 and the excision theorem, it holds that
t-Hn−q(M,M − K ) =
{
Z if q = 0,
0 otherwise.
Furthermore, by the deﬁnition of DK , it is clear that the generator of ws-H0M(K ) is mapped to a generator of
t-Hn(M,M − K ) by DK .
Case 1-2. K is the union of a ﬁnite number of compact and convex suborbifolds K1, . . . , Kr .
Note that Kr ∩ (K1 ∪ · · · ∪ Kr−1) = (Kr ∩ K1)∪ · · · ∪ (Kr ∩ Kr−1) and the intersection of convex suborbifolds is also convex.
Then, we can show the statement inductively by using Case 1-1 and Lemma 7.1.
Case 1-3. K is general. Set CK = {C | C = B1∪· · ·∪ BrC , IntC ⊃ K , Bi is a compact and convex suborbifold of M, i = 1,2,
. . . , rC , rC ∈ N}.
By Case 1-2, for each C ∈ CK , DC is an isomorphism. Then, from the general theory of the inductive limit, it is derived
that limC∈CK DC is an isomorphism. Hence, by using Propositions 5.2–5.5 and Theorem 6.7, we can show that DK is an
isomorphism.
Case 2. M is an n-dimensional orbifold.
Case 2-1. There is a neighborhood V of a local chart such V ⊃ K . Let (DK )′ : ws-HqV (K ) → t-Hn−q(V , V − K ) be
the duality homomorphism, Ψ MV : ws-HqV (K ) → ws-HqM(K ) the canonical isomorphism, and (iMV )∗ : t-Hn−q(V , V − K ) →
t-Hn−q(M,M − K ) the excision isomorphism.
Note that the following diagram commutes:
ws-HqV (K )
(DK )′
Ψ MV
t-Hn−q(V , V − K )
(iMV )∗
ws-HqM(K )
DK t-Hn−q(M,M − K ).
Then, since (DK )′ is also an isomorphism by Case 1, it is derived that DK is an isomorphism.
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Since K is compact, there are compact suborbifolds K1, . . . , Kr such that K1 ∪ · · · ∪ Kr = K and each Ki is included in a
neighborhood of a local chart. Then, by Case 2-1, DKi is an isomorphism.
Note that Ki ∩ K j is included in a neighborhood of a local chart. Then, DKi∩K j is also an isomorphism by Case 2-1.
Furthermore, since K1 ∪ · · · ∪ Kr = K , DK is an isomorphism by Lemma 7.1. 
Corollary 7.3. Let M be an n-dimensional compact orbifold with an s-homological orientation and w the corresponding fundamental
class of M. Then the following hold:
(i) (∗ ∩ w)τ : ws-Hq(M) → t-Hn−q(M, ∂M) is an isomorphism.
(ii) (∗ ∩ w)τ : ws-Hq(M, ∂M) → t-Hn−q(M) is an isomorphism.
Proof. (i) Let W be an open collar neighborhood of ∂M . Put K = M − W . Then, we obtain the following commutative
diagram:
ws-HqM(K )
DK t-Hn−q(M,M − K )
ws-Hq(M)
(iMUK )
∗
(∗∩wK )τ
(∗∩w)τ t-Hn−q(M, ∂M).
jtIntM,K
It is easy to see that (iMUK )
∗ and jtIntM,K are isomorphisms. Since DK is an isomorphism by Theorem 7.2, we have the
conclusion.
(ii) We obtain the following commutative diagram:
· · · → ws-Hq−1(∂M) δ∗
(∗∩∂∗w)τ
ws-Hq(M, ∂M)
j∗
(∗∩w)τ
· · · → t-Hn−q(∂M) i∗ t-Hn−q(M)
j∗
ws-HqM(M)
i∗
(∗∩w)τ
ws-Hq(∂M) → ·· ·
(∗∩∂∗w)τ
t-Hn−q(M, ∂M) ∂∗ t-Hn−q−1(∂M) → ·· · .
Since ∂∗w is a fundamental class of ∂M by Theorem 4.11, (∗∩∂∗w)τ is an isomorphism by Theorem 7.2. By (i), (∗∩w)τ : ws-
Hq(M) → t-Hn−q(M, ∂M) is also an isomorphism. Then, it is derived that (∗ ∩ w)τ : ws-Hq(M, ∂M) → t-Hn−q(M) is an
isomorphism, from the ﬁve-lemma. 
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